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Abstract 
Slip-step Fourier Transform (SSFT) and Finite Difference (FD) algorithms are introduced to solve Parabolic 
Equation (PE). SSFT is applied to analyze the problem of radio propagation in vacuum. Based on Split-step Padé 
approximation, a high order FD algorithm is introduced to compute the Radar Cross Section (RCS). According to 
the results, the differences of the two kinds of PE method have been discussed. 
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1. Introduction 
As an approximated form of the wave equation, the Parabolic Equation (PE) method models 
energy propagating in a cone centered on the paraxial direction. Recently, many researchers have 
applied the parabolic equation to solve the problems of radio propagation and electromagnetic 
scattering[1]. It was realized that PE method may also be adopted as an efficient numerical tool of 
electromagnetic filed calculation, and it may bridging the gap between rigorous numerical methods 
like the method of moments (MOM) or finite difference time domain (FDTD) [2], and asymptotical 
methods based on ray-tracing or physical optics (PO). Using PE method can avoid the limitation of 
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CPU time and memory required by these rigorous methods. It also can reduce the error caused by the 
high-frequency approximation.  
Recently, the usual tools for solving the PE are split-step Fourier transform (SSFT) and finite 
difference (FD) algorithms. SSFT using the FFT technique is a frequency-domain algorithm, when it is 
used to solve the PE, the step size of SSFT is almost free from the restrictions and can be selected as a 
large discritized element. Therefore, SSFT algorithm of PE is suitable for large-scale wave propagation 
problems. SSFT algorithm is complicated when dealing with irregular boundary, so it is not easy to be 
used in the calculation of electromagnetic scattering problems with complex structures. FD algorithm 
is carried out through the mesh of the computational domain, and accomplishes the computation 
according to the electromagnetic field on the adjacent grid points. Since precise mesh is used, FD 
algorithm can directly calculate the field on arbitrary boundaries, therefore it is more convenient to 
deal with irregular boundaries, but the discritized step in FD algorithm is restricted by the wavelength. 
Therefore one must take very small step, which will result large-scale matrix operations. Solving the 
high-frequency, large-scale wave propagation problems based on PE, FD algorithm is slow and the 
computer memory consuming is also high. FD algorithm is mainly used to calculate the target RCS 
and forecast the electromagnetic distribution of urban and other small-scale wave propagation. [3]
2. SSFT algorithm of  Parabolic  Equation 
As we know, froward parabolic equation can be solved by marching techniques and has the formal 
solution as [4] 
                                             ( ) ( ) ( )1, ,ik x Qu x x z e u x zΔ −+ Δ =                                                             (1) 
We assume the wave function of plane wave is of the form as below 
( ) ( )( ), exp cos 1 sinu x z ikx ikzα α= − +                                                        (2) 
Equation (1) can be approximated by using first-order Taylor expansions of the square root Q  , 
which yields the Standard Parabolic Equation (SPE) 
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we referred equation (4) as SPE in vacuum. 
Using the properties of the Fourier transform, we can write the Fourier transform of Equation (4) as 
( , )2 24 ( , ) 2 0
U x f
f U x f ik
x
π ∂− + =
∂
                                                            (5) 
This is now an ordinary differential equation which can be solved in closed form, giving 
2 22
( , ) (0, )
i f x
kU x f e U f
π−
=                                                                 (6) 
We can write the inverse Fourier transform of Equation (4) as   
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where u(0,z) is initial field. 
The formal solution of SPE is given as 
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Then one will get the complete split-step Fourier transform solution of equation (8) 
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Where xΔ is step. 
3.FD algorithm of  Parabolic  Equation  
3.1 Split-step Padé  PE
In this paper, we approximate the wide-angle/exponential pseudo-differential operator directly with 
a sum of Padé(1,1) functions as  
( ) ( )
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1 1 11 1
~ 1
11 1
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= + ∑= + −
                                           (10) 
in which ccomplex coefficients (al, bl) are determined by the constraints of  Taylor series expansion and 
stability conditions, while its accuracy is also dependent on step xΔ  size. The approximation accuracy 
equivalent Padé (N, N), which has 2N-order accuracy [5]. 
Substituting (10) into equation (1), we will get the form of SSPPE： 
                      ( ) ( ) ( ), , ,
1
N
u x x z u x z v x x zll
+Δ = + +Δ∑=
                                                          (11) 
where 
                 ( ) ( ) ( ) ( )1, 1 1 1 ,l l lv x x z b Q a Q u x z−+Δ = + − −⎡ ⎤⎣ ⎦                                                       (12) 
Discretizing in z, we obtain finite-difference equations for the svl in the form： 
                          { }21 1 1 12 2 2 2( ( 1) 2) ( ( 1) 2)asj j j j j jlv v s n v u u s n ul l l l l lb bl l+ − + −+ + + − − = + + − −
                          (13) 
where    ( ) ( ), , , ,j jv v x x j z s k z u u x j zll = + Δ Δ = Δ = Δ  
Combined Equation (11) and (13), field can be obtained recursively. To simulate the infinite space 
of the electromagnetic scattering problem, we added Non-local boundary conditions[6] (NLBC) as the 
truncation boundary conditions. 
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3.2 Near-Field/Far-Field Transformation 
Recalled that the 2-D bistatic RCS of an object in direction θ is given as  
  ( ) ( )
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ψ θ θ
=
→∞
                                                 (14) 
If the incident field is a plane wave with unit amplitude, after complicated mathematics derives, 
equation (14) can be expressed as  
( ) ( ) 2sin02 ,cos ∫ ∞+∞− −= dzezxuk ikzs θθθσ                                                   (15) 
In which x0 can usually be chosen as 10λ (λ is the wavelength of incident wave). 
4.Numerical  Results 
4.1 Large-scale radio wave propagation
We assume the incident field is of the form in equation (2), and the frequency of wave  is  0.3GHz  
in a vacuum . The real and imaginary parts of the field u(x, z)  were calculated using the SSFT 
method ,and set 10α = o ,x=1000m, xΔ =200 m. The computation is accomplished on a Pentium IV 
3.0GHz computer using Matlab7.0, the CPU time for this simulation is 0.2 seconds, and the results is 
shown in Figure 1. It can be seen that the result of SSFT method agrees well with that of analytical 
results. When the FD method is used to handle the problem, it is difficult to complete the operation 
because of the limited step and large-scale matrix operations. Due to large step desirable, SSFT 
method is more appropriate for dealing with the problem. 
                        
                                         Figure.1 (a)                                                                Figure.1 (b) 
Figure.1 Radio waves propagation in calculating the vacuum value with SSFT :(a)the real part of field,(b) the imaginary 
part of field 
4.2 Electromagnetic scattering of electrically large objects
In this numerical example, the incident field is a plane wave with its amplitude set to be 1.0, the 
incident source with its wavelength of 0.1 m is horizontal polarized and propagating in a vacuum, 
which illuminated a PEC circular cylinder of radius 5λ. The computation domain is set to be X×Z=[0, 
20λ]×[0, 40λ], we use PML absorbing boundary conditions at the top and bottom of the domain. As 
shown in Fig.2 the amplitude of the scattered near field is computed with the SPE and SSPPE (N=4) 
methods. In Fig.3 bistatic RCS results obtained by SSPPE method is compared with the results of 
method of moments (MOM), they agree well from 0° to 50°. And the CPU consumed by this example 
is 5.8 seconds. When we use the SPE method[4] to handle the same problem, the CPU time is 3.0s, but 
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the angles accuracy up to 15°.To obtain the full bistatic RCS, we need only two rotated  PE runs for 
SSPPE while in SPE method the number of rotation is six[4]. The results which show in Figure 4 
proved the efficiency of the present method. 
                 
Figure.2(a)               Figure.2(b)                                              Figure.3                                          Figure.4 
Figure.2 The amplitude of the scattered near field computed with the SPE (a) and SSPPE(b). 
Figure.3  Bistatic RCS of PEC radius 5λ Cylinder. 
Figure.4    Bistatic RCS of PEC radius 5λ cylinder obtained with rotation parabolic axis. 
 5.Conclusions 
Two algorithms for solving Parabolic Equation, Slip-step Fourier Transform and Finite Difference, 
are presented and compared. Meanwhile the application of the two algorithms to radio propagation and 
electromagnetic scattering problems is discussed. According to numerical results, we suggest to handle 
large-scale radio wave propagation problems with SSFT method to obtain good results, while FD 
method is suitable for dealing with electromagnetic scattering problems. 
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